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Abstract
Open problems in general topology which arose during the author’s half century career so far
without attracting much attention are discussed.
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1. Introduction
For more than half century the author has been working in general topology. In the
meanwhile various questions arose, some of which were solved or are being studied by
respective experts, but the others have been rather ignored. The main purpose of this note is
to recall those problems that have attracted less attention so far, perhaps partially because
of that they were raised without explicit formations or satisfactory explanations. Other
reasons for the less attention could be that they were spoken at a less attended lecture or
published in a less circulated journal.
2. Questions concerning characterizations of metrizability and generalized
metrizability
Metrizable spaces and generalized metric spaces are characterized in various ways as
shown in Table 1.
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Table 1Base k-network Network g-function
Metrizable © © (F)(1) © (7) © (2)
ℵ  (F) © (3) © (F)(4) © (F) (5)
Lašnev ? © (F) (6) © (F) (7) © (F) (8)
Stratifiable © © (F) (9) ? ©
Remarks. Circles in the list mean that there are satisfactory characterizations and delta that
there are only unsatisfactory characterizations. Regularity is always assumed. (F) means
that “Fréchet” is assumed.
There are many known characterizations of metrizability in terms of base, e.g., J. Nagata
and Yu.M. Smirnov, R.H. Bing, P.S. Alexandroff, A.V. Arhangel’skii, etc. (see Nagata [17]
for widely known results). Stratifiable spaces, which are equal to M1-spaces under Fréchet
by virtue of Mizokami and Shimane [11], are defined in terms of base.1 “g-function” means
a sequence g(n, x), n ∈N of open nbds (= neighborhoods) assigned to each point x of the
space. It is well-known that stratifiable spaces are characterized by R. Heath in terms of
g-function. The other less known results are explained in the following. (The numbers
correspond to the ones in the list.)
(1) A (regular) space X is metrizable iff it is a Fréchet space with an LF-regular k-
network, where a k-network A is called LF-regular if for every closed set F, {A ∈A:
A ∩F = ∅} is locally finite at each x ∈ X − F (Sakai et al. [21]).
(2) Metrizability is characterized in terms of g-function by Nagata,2 Hung [9], Collins and
Roscoe [4], Collins et al. [3] and others.
(3) ℵ-space is defined in terms of k-network.
(4) A Fréchet space X is an ℵ-space iff it has a σ -locally finite closed network F =⋃∞
n=1Fn satisfying:
Fn is a cover for each n and if x ∈ Fn, Fn ∈ Fn, n ∈ N, then {Fn: n ∈ N} is either a
local network at x or hereditarily closure-preserving (Nagata [19]).
(5) See Nagata [18].
(6) Foged [5] proved that X is Lašnev iff it is Fréchet and has a σ -hereditarily closure-
preserving k-network.
(7) It is well-known that N.S. Lašnev characterized Lašnev spaces in terms of network.
It also follows from the characterization and Stone, Morita and Hanai’s Theorem (see
[17, p. 280]) that a T1-space X is metrizable iff X has a network ∪Fn such that eachFn
is a hereditarily closure-preserving closed cover and such that whenever x ∈ Fn ∈Fn,
n ∈N, {Fn: n ∈N} is a local network at x .
(8) See Nagata [18].
(9) See Kanatani et al. [10].
1 To be precise, pair base.
2 To be precise, double sequence of nbds 〈g(n,x),h(n,x)〉.
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There is a characterization of ℵ-spaces in terms of base, but it is not so beautiful. The
g-function characterizations in (5) and (8) are not so bad, but they include the condition
that y ∈ g(n, x) implies g(n, y) ⊂ g(n, x), which is not satisfied by the 1/n-ball centering
x in case that X is a metric space. Since the concept of g-function is a generalization of
the sequence of balls in a metric space, this condition is unnatural and should be improved.
Thus we raise the following questions to complete the list.
Question 2.1. Replace? and ∆ in the above list with nice conditions.
Question 2.2. Improve the conditions in (5) and (8) to characterize ℵ- and Lašnev spaces
in terms of g-function conditions that are satisfied by sequences of concentric balls in case
that the spaces are metric.
3. Questions concerning delta-index
The delta-index ∆k(X) of a space X is defined by ∆k(X) = min{m ∈N: for every open
cover U of X with |U |  k, there is an open cover V of X with |V|  m and V∆ < U},
k ∈ N. The following theorem and its corollary (Bruijning and Nagata [2]) determine the
value of ∆k(X) and its relation with the covering dimension of X.
Theorem 3.1. If X is an infinite normal space with dimX = n, then for each k ∈ N,
∆k(X) = 2k − 1 if k  n+ 1,
∆k(X) =
(
k
1
)
+
(
k
2
)
+ · · · +
(
k
n+ 1
)
if k  n + 1.
Corollary 3.2. dimX = limk→∞ log∆k(X)logk − 1.
This corollary may be compared with the following famous theorem.
Theorem 3.3 (Pontrjagin and Schnirelmann, 1932). Let 〈X,ρ〉 be a metric space and define
for each ε > 0,
N(ε,X,ρ) = inf{|A|: A is a finite cover of X with meshA ε}.
Then for a compact metric space X,
inf
{
sup
{
inf
{
− logN(ε,X,ρ)
log ε
: 0 < ε < ε0
}
: ε0 > 0
}
: ρ is a metric admitted by X
}
= dimX.
(See Nagata [15] for basic facts in dimension theory.)
This theorem is proved by use of geometric arguments in an Euclidean space while
Theorem 3.1 is proved by use of dimension theoretical technique in an abstract topological
space. Although the methods of proofs are completely different, some similarity between
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the forms of Corollary 3.2 to Theorem 3.1 and Pontrjagin–Schnirelmann’s theorem tempts
us to pose the following.
Question 3.4. Is there any relationship between Theorem 3.1 (or its corollary) and
Pontrjagin–Schnirelmann’s theorem? For example, is it possible to derive the latter from
the former when the space is compact metric?
The following theorem is also famous.
Theorem 3.5 (Marczewski, 1937). Let X be a separable metric space and p ∈ N ∪ {0};
then define the p-dimensional measure mp(X) of X as follows:
mεp(X) = inf
{ ∞∑
i=1
[
δ(Ai)
]p
: X =
∞⋃
i=1
Ai, δ(Ai) < ε for each i
}
.
mp(X) = sup
{
mεp(X): ε > 0
}
,
where δ(A) denotes the diameter of A, and in case of p = 0 we define [δ(A)]0 = 0 if A = ∅
and = 1 otherwise. Then X has dim  n iff X is homeomorphic to a subset X′ of I 2n+1
((2n+ 1)-dimensional cube) with mn+1(X′) = 0.
The proof of this theorem is somewhat similar to that of Pontrjagin–Schnirelmann’s
theorem while both of them rely on polyhedra approximations of n-dimensional sets in
an Euclidean space. In some sense we can say that this theorem is a measure-theoretic
expression of Pontrjagin–Schnirelmann’s theorem, which leads us to ask
Question 3.6. Is there any measure-theoretic expression of Theorem 3.1 (or its corollary)
in metrizable spaces?
The definition of star-index ∗k(X) is obtained by replacing V∆ with V∗ in the definition
of delta-index. Hashimoto and Hattori [6] has succeeded to determine the value of ∗k(X)
as follows.
Theorem 3.7. Let X be an infinite normal space with dimX = n and k ∈ N. Then,
∗k (X) = k2k−1, if k  n+ 1,
∗k (X) =
(
k
1
)
+ 2
(
k
2
)
+ · · · + (n+ 1)
(
k
n+ 1
)
, if k  n+ 1.
Now it is natural to ask the following general question.
Question 3.8. Determine the value of ∆pk (X), whose definition is obtained by replacing
V∆ with V∆...∆, where ∆ appears p-times, in the definition of ∆k(X).
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4. Questions concerning special metricsTheorem 4.1 (Nagata [14], Ostrand [20]). A metrizable space X has dim n iff X admits
a metric ρ such that for every sequence x, y1, . . . , yn+2 ∈ X there are different i and j
satisfying
ρ(yi, yj ) ρ(x, yj ).
(We call n+ 2 the crowding number of 〈X,ρ〉.)
The proof of Theorem 4.1 is somewhat complicated (see Nagata [15]), but similar proof
techniques lead us to the following three theorems.
Theorem 4.2. A metrizable space X has dim  n iff X admits a metric ρ such that for
every ε > 0, {B(x, ε): x ∈ X} is closure-preserving and dim Br B(x, ε)  n − 1 for each
x ∈ X, where B(x, ε) denotes the ε-ball centering x.
Theorem 4.3. Every metrizable space X admits a metric ρ such that for every sequence
x, y1, y2, . . . ∈ X there are i, j and k with i = j satisfying ρ(yi, yj ) ρ(x, yk).
Theorem 4.4. Every metrizable space X admits a metric ρ such that for each ε > 0
{B(x, ε): x ∈ X} is closure preserving.
The idea of Theorem 4.1 came from de Groot’s theorem characterizing 0-dimensional
metrizable spaces in terms of non-Archimedean metric and the observation that the
crowding numbers of R1 and R2 are 3 and 7, respectively (and also the belief that the
crowding number will increase as the dimension will increase).
Q? Find the crowding number of the n-dimensional Euclidean space Rn.
“Q?” means that the author is not certain if the proposition is really an open question
though he himself does not know the answer. It is quite possible that the crowding number
of Rn is well known by specialists of Euclidean geometry. Meanwhile it is pretty certain
that the following questions are not known their answers.
Question 4.5. Determine the function, ρ((x, y), (x ′, y ′)) for a special metric ρ on R2
satisfying the condition in Theorem 4.1. (Express ρ((x, y), (x ′, y ′)) as a concrete function
of x , y , x ′ and y ′, where (x, y), (x ′, y ′) ∈ R2. Can it be an algebraic function, though it is
the case when ρ is the Euclidean metric?
Question 4.6. Is it possible to replace the condition of ρ in Theorem 4.1 with the following
weaker condition?: for every sequence x, y1, . . . , yn+2 ∈ X, there are i , j and k with i = j
such that ρ(yi, yj ) ρ(x, yk) (J. de Groot’s question). The answer is yes if X is a compact
metric space.
Question 4.7. Does every metrizable space X admit a metric ρ such that for every sequence
x, y1, y2, . . . ∈ X there are distinct i, j satisfying ρ(yi, yj ) ρ(x, yj )?
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Remarks.(1) Y. Hattori [7] proved that every metric space X admits a metric ρ such that for every
ε > 0 and for every sequence x, y1, y2, . . . ∈ X with ρ(B(x, ε/2), yi) < ε, i ∈ N, there
are distinct i, j satisfying ρ(yi, yj ) < ε and also that if B(x, ε/2) in the above is
replaced with B(x, ε), then it gives a characterization of strongly metrizable spaces.
(2) Concerning Theorem 4.4, Balogh and Gruenhage [1] proved that the hedgehog of
weight 2c+ does not admit a metric ρ such that {B(x, ε): x ∈ X} is locally finite
(hereditarily closure-preserving) for every ε > 0 and also that X is strongly metrizable
iff it admits such a metric. Yun Ziqiu and Junnila [22] also got almost the same results.
(Note that the first theorem in (1) implies that {B(x, ε): x ∈ X} has at least a locally
finite subcover though the whole cover may fail to be locally finite.)
Question 4.8. Characterize more topological properties of metrizable spaces in terms of
special metrics. Is it possible to characterize countable-dimensional spaces,C-spaces and
weakly infinite-dimensional spaces in a similar manner as Hattori, Balogh and Gruenhage
or Yun Ziqiu and Junnila did for strongly metrizable spaces?
A question recently posed by H. Hung (in his communication to the author) is also in
the same category of questions: Given a symmetric open nbds assignment {U(x): x ∈ X}
in a metrizable space X; then does X admit a metric such that B(x, ε) ⊂ U(x) for some
ε > 0 and for all x ∈ X? (“Symmetric” means that y ∈ U(x) implies x ∈ U(y).)
It is easy to construct a counter-example on the simplest compact metric space (a point
sequence converging to a point with the point itself), but if we assume the additional
condition that {U(x): x ∈ X} is locally finite, then the answer is yes.
We do not know if the following question is really open or not. (The only if part is
obviously true.)
Q? A metrizable space X is compact iff for every locally finite symmetric open nbds
assignment {U(x): x ∈ X} and for every metric admitted by X,B(x, ε) ⊂ U(x) for some
ε > 0 and for all x ∈ X?
(The author has become aware that this question can be easily answered in the
affirmative. See Nagata [23].)
5. Questions concerning relations between C(X)(C∗(X)) and X
In the present section C(X)(C∗(X)) denotes the set of all real-valued continuous
functions (bounded continuous functions) on a Tychonoff space X. There are two types
of theorems in this respect.
(i) C(X)(C∗(X)) with certain structure determines the space X.
(ii) Certain property of C(X)(C∗(X)) characterizes an important property of X
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Classical examples of the first type results are theorems of I. Gelfand–A. Kolmogoroff,
I. Kaplansky, E. Hewitt and T. Shirota.3 Examples of the second type results include the
theorem that a compact T2-space X is metrizable iff C(X) with the topology of uniform
convergence is second countable, M. Kateˇtov’s theorem that characterizes dim X of a
compact metric space X in terms of C(X) as a topological ring and M. Canfell’s theorem
that characterizes dim X of a normal space X in terms of C(X) as a ring. Less known
results are:
Theorem 5.1 (Nagata [12]). Tychonoff spaces X and Y are homeomorphic iff Cp(X) and
Cp(Y ) are topologically isomorphic, where Cp(X) denotes the topological ring of all real-
valued continuous functions on X with the point convergence topology.
Theorem 5.2 (Nagata [12]). Complete metric spaces X and Y are uniformly homeomor-
phic iff U(X) and U(Y ) are isomorphic, where U(X) denotes the ring of all real-valued
uniformly continuous functions on X.
Remark. Recently Hernández [8] proved that the metric space of all complex-valued,
bounded, uniformly continuous functions on a complete metric space X determines the
uniform structure of X.
As for Theorem 5.1 it is well known that there are many remarkable results obtained in
Cp(X)-theory which was established and developed by A.V. Arhangel’skii and his school.
Concerning Theorem 5.2 there occurs a small question.
Q? Is there any similar result for non-metric uniform spaces?
Obviously it is impossible to characterize metrizability of a Tychonoff space X in terms
of a ring or lattice property of C∗(X) unless X is compact since C∗(X) and C∗(βX) are
ring and lattice isomorphic, but still we can ask.
Question 5.3. Is it possible to characterize metrizability of a Tychonoff space X in terms
of a nice (ring or lattice) property of C(X)? (We assume the cardinality of X is non-
measurable.)
Question 5.4. Find a structure (other than ring, lattice and topological structures) of
C∗(X)(C(X)) with which one could neatly characterize metrizability of a Tychonoff
space X.
Two attempts were made concerning this question.
3 According to M. Henriksen, A. Császár observed that Shirota’s proof that C(X) regarded as a multiplicative
semigroup determines the realcompact space X was incomplete, and he gave a complete proof. The author is
thankfull to Prof. Henriksen for his communication.
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Theorem 5.5 (Nagata [13]). A Tychonoff space X is metrizable iff there is a sequence
L1,L2, . . . of subsets of C∗(X) such that
(i) for each {fα : α ∈ A} ⊂ Ln, ∧α fα and∨α fα exist in C∗(X) and belong to Ln,
(ii) for each f ∈ C∗(X) there is {fβ : β ∈ B} ⊂⋃∞n=1 Ln such that f =∧β fβ ,
where (
∧
α fα)(x) = inf{fα(x): α ∈ A}, x ∈ X, and (
∨
α fα)(x) = sup{fα(x): α ∈ A},
x ∈ X.
Definition 5.6 (Nagata [16]). For a given subset {fα : α ∈ A} of C∗(X), the infinite sum∑
α fα is defined as follows. Let F be the directed set of all finite subsets of A (directed by
the set inclusion). If for each x ∈ X, the net {∑α∈F fα(x): F ∈ F} converges to f (x) in
R and if f ∈ C∗(X), then we define that f =∑α∈A fα and call C∗(X) with thus defined
infinite sum a peculiar linear space.
A subset B = {fα : α ∈ A} ⊂ C∗(X) is called a peculiar base of the peculiar linear space
C∗(X) if the following conditions are satisfied:
(i) ∑α fα and ∑α |fα| exist in C∗(X),
(ii) for each f ∈ C∗(X) and for some {cα: α ∈ A} ⊂R, f =∑α cαfα.
Proposition 5.7 (Nagata [16]). A compact T2-space X is metrizable iff the peculiar linear
space C∗(X) has a peculiar base.
In fact, it is known that if X is an M-space (in K. Morita’s sense) and C∗(X) has a
peculiar base, then X is metrizable, but we ask more general questions.
Question 5.8.
(i) Characterize metrizability of a Tychonoff space X in terms of the peculiar linear space
C∗(X).
(ii) Is it possible to characterize other important properties of X (e.g., dim X) in terms of
the peculiar linear space C∗(X)?
(iii) Characterize a Tychonoff space X for which C∗(X) has a peculiar base.
Now I should like to conclude this note with my confession that the main motivation
of these twelve questions is just my curiosity, which has impelled the author to work in
general topology for more than half century.
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